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ABSTRACT
Xuechao Li
Adviser: Dr. Cun-Quan Zhang
This thesis is on a long standing open conjecture proposed by one of the
most prominent mathematicians, Dr. C. Thomassen, - Every longest circuit
of 3-connected graph has a chord. In 1987, C. Q. Zhang proved that every
longest circuit of a 3-connected planar graph G has a chord if G is cubic or
if the minimun degree is at least 4. In 1997, Carsten Thomassen proved that
every longest circuit of 3-connected cubic graph has a chord.
In this dissertation, we prove the following three independent partial re-
sults:
(1) Every longest circuit of a 3-connected graph embedded in a projective
plane with minimun degree is at least has a chord ( Theorem 2.3.1).
(2) Every longest circuit of a 3-connected cubic graph has at least two
chords. Furthermore if the graph is also a planar, then every longest circuit
has at least three chords (Theorem 3.2.6, 3.2.7).
(3) Every longest circuit of a 4-connected graph embedded in a torus or
Klein bottle has a chord.
We get these three independent results with three totally di®erent ap-
proaches: Connectivity (Tutte circuit), second Hamilton circuit, and charge
and discharge methods.
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Introduction
1.1 Chords
In this dissertation, we study Thomassen's conjecture that every longest cir-
cuit of a 3-connected graph has a chord.
It is well known that not all 3-connected planar graphs are Hamilto-
nian. Tutte(1946) gave an example with 46 vertices of a 3-connected cubic
planar graph with no Hamiltonian circuit. Also, Tutte proved that every
4-connected planar graph has a Hamilton cycle by using the Tutte's lemma
(known as Tutte-circuit-lemma):
In 1987, as a part of his Ph.D dissertation, C. Q. Zhang used Tutte's
Lemma ( Lemma 2.2.1) to prove that any longest circuit of a 3-connected
planar graph G has a chord if G is cubic or ± ¸ 4.
Using an extension of Tutte's Lemma we prove that
every longest circuit in a 3-connected graph embedded in a projective
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plane has a chord if ± ¸ 4.
In 1997, using Herbert Fleischner's 3-colors theorem and second Hamil-
ton circuit technique, Carsten Thomassen proved that every longest circuit
in a 3-connected cubic graph has a chord. Using Thomassen's technique, we
prove that every longest circuit of a 3-connected cubic graph has at least two
chords. Furthermore if the graph is also planar, then every longest circuit
has at least three chords.
Using Euler edge contribution and edge charge-discharge methods, We
prove that every longest circuit of a 4-connected graph embedded in a torus
or Klein bottle has a chord.
1.2 Notations and De¯nitions
We consider ¯nite simple graph with no loops or multiple edges. For a graph
G = (V;E), we use V (G) and E(G) to denote the vertex set and the edge
set, respectively. An edge e is called a chord of a circuit if e is not an edge
of the circuit and both endvertices of e are on the circuit.
Let P be a subgraph of a graph G. A P -bridge of G is either an edge
of G n E(P ) with both ends on P or a subgraph of G induced by the edges
in a component of G n V (P ) and all edges from that component to P . For
a P -bridge B of G, the vertices in B \ P are the attachments of B (on P)
denoted by A(B) and V (B) is the set of vertices of the bridge B (excluding
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the attachment vertices on P ).
A vertex cut of a graph G is a set S ½ V (G) such that G ¡ S has more
than one component.
A graph G is k¡connected if every vertex cut has at least k vertices.
A graph G is said to be planar if it can be represented on a plane in such
a fashion that the vertices are all distinct points, the edges are simple curves,
and no two edges meet one another except at their terminals.
Notation: If H is a graph, then H is also used to denote V (H).
Chapter 2
Chords of Longest Circuits in
Projective Graphs
2.1 Introduction
As we indicated in chapter 1, by studing the conjecture proposed by Thomassen
that every longest circuit of a 3-connected graph has a chord, we get three
independent partial results. In this chapter, we are going to discuss the ¯rst
result:
If G is a 3-connected graph with ± ¸ 4 which can be embedded in a
projective plane, then every longest circuit in G has a chord.
A projective plane is a hemisphere, with all antipodal points on the equa-
tor identi¯ed.(A pair of diametrically opposite points on a sphere is called a
pair of antipodal points.)
4
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2.2 De¯nitions and lemmas
2.2.1 Tutte circuits
Let G be a graph embedded in a surface and let C be a circuit of G and
F be a set of faces incident with C. Then C is an F -Tutte circuit if every
C-bridge of G contains at most three attachments and if every C-bridge of
G containing an edge of some member of F has at most two attachments.
Lemma 2.2.1 (Tutte's Lemma) Let G be a 2-connected planar graph, let e1
be an edge of G, let F1 and F2 be the two faces incident with e1 and let e2
be an edge on the boundary of F1 and adjacent with e1. Then there is an
fF1; F2g-Tutte circuit CT containing both e1 and e2.
Lemma 2.2.2 (Thomas and Yu [12]) Let G be a 2-connected graph embedded
in a projective plane, let R be a face of G, and let e 2 E(R). Then there
exists an fRg-Tutte circuit CT in G such that
(i) e 2 E(CT ) and
(ii) every CT -bridge that contains a non-contractible circuit is
edge-disjoint from R.
2.2.2 Cross caps
A projective plane P is represented by a closed disk, along whose boundary,
points at the ends of each diameter are identical points. After identi¯cation
of diagonally opposite points, the boundary is a closed non-contractible curve
C of the projective plane P. The projective plane P with the boundary C
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is denoted by PC .
Note that we distinguish between the projective plane P and one of its
representatives, the cross cap PC whose boundary is a given closed non-
contractible curve C.
For a graph G embedded in a projective plane P , the embedding is de-
noted by ¼. Note that for a non-contractible circuit C = v1v2 ¢ ¢ ¢ vrv1 of G,
the boundary of the cross cap in the embedding ¼C is a \circuit" = v
0
1 ¢ ¢ ¢ v0rv001
¢ ¢ ¢ v00rv01 where v0i and v00i are the same vertex of the graph G.
Lemma 2.2.3 Let G be a graph with an embedding ¼ in a projective plane.
Let C be a closed non-contractible curve of P . Then the projective plane P
has a representation PC with C as its boundary, and the embedding ¼ of G
remains the same in P .
Lemma 2.2.4 If there is an embedding of G in PC such that there is only
one edge of G passing the boundary C of cross cap, or the intersection of G
and C consists of a single vertex of G, then G is planar.
Lemma 2.2.5 Let G be a 3-connected graph with an embedding ¼ in a projec-
tive plane. Assume that G has a 3-edge-cut T and Q1; Q2 as the components
of G n T . For each fi; jg = f1; 2g, let Hi be the graph obtained from G by
contracting Qj. Then one of H1 and H2 is planar.
Proof. There is nothing to prove if G itself is planar. So, assume that G is
not planar and has a non-contractible circuit.
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I Assume that G has a non-contractible circuit C such that T \ E(C) = ;.
Then, without loss of generality, let Q1 be the component of G nT such that
E(C) \ Q1 = ;. So, by Lemma 2.2.3, in the cross cap PC , Q1 contains no
vertex of the boundary of the cross cap, and therefore, H1 is a planar graph
which is embedded in the open disk PC n C.
II By I, we assume that every non-contractible circuit of G must inter-
sect both Q1 and Q2. Assume that T \ E(C) = fe1; e2g where e1 = v1v2;
e2 = vivi+1. Without considering the cross cap, the graph G in the projective
plane can be viewed as a planar graph G¤ on a closed disk with C¤ as the
boundary of the disk (hence, v0¹ and v
00
¹ are viewed as \di®erent" vertices in
an embedding ¼0C , where v
0
1v
0
2; v
00
1v
00
2 ; v
0
iv
0
i+1; v
00
i v
00
i+1; and e3 are corresponding
to the three edges of T ). Let G¤x = G
¤ n fv01v02; v001v002 ; v0iv0i+1; v00i v00i+1; e3g and let
Q¤i be the subgraph of G
¤
x corresponding to Qi of G (i = 1; 2).
III In the planar graph G¤x, if there exists a v
0
¹v
00
¹ -path P contained in some
Q¤¹ for some ¹ and ¹ 2 f1; 2g, then Qi contains a closed non-contractible
circuit v¹Pv¹ (v
0
¹ and v
00
¹ are identi¯ed as v¹ in G). But, this contradicts the
assumption (in II) that no non-contractible circuit is completely contained in
one component ofGnT . So, we assume that bothQ¤1 and Q¤2 are disconnected
in the planar graph G¤x.
Let those components ofQ¤1 and Q
¤
2 in G
¤
x be Q
¤
11,Q
¤
12 (µ Q¤1), and Q¤21,Q¤22
(µ Q¤2), respectively, with the segments of C¤ such that v00i+1 ¢ ¢ ¢ v00rv01 µ Q¤11;
v0i+1 ¢ ¢ ¢ v0rv001 µ Q¤12; v02 ¢ ¢ ¢ v0i µ Q¤21; v002 ¢ ¢ ¢ v00i µ Q¤22 respectively. Without loss
of generality, let e3(2 T ) be an edge joining Q¤11 and Q¤21 ( see the ¯gure).
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IV Let Á be a closed non-contractible curve of the projective plane passing
through the edges e2 = v
00
i v
00
i+1 = v
0
iv
0
i+1, but no any other point of G since e3
is the only edge joining Q¤11 and Q
¤
21 in G
¤
x n fv1v2; vivi+1g (see Figure 1).
Thus, the projective plane P can be represented as a cross cap PÁ using Á
as the boundary of the cross cap, the boundary Á cross only one edge vivi+1,
but not others. By Lemma 2.2.4, G is a planar graph which contradicts the
fact that G is not planar.
A subset S of V (G) is called a separator of G if G has two subgraphs
H1 and H2 such that G = H1 [H2 and V (H1) \ V (H2) = S. Denote S by
[H1; H2].
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Lemma 2.2.6 Let G be a 3-connected graph with an embedding ¼ in a pro-
jective plane. Assume that G has a separator S with jSj = 3, G = G1 [ G2
and V (G1) \ V (G2) = S. Then one of Gi (i = 1; 2) must be a planar graph.
Proof. Let S = fx1; x2; x3g = [G1; G2]. Let G01 be a graph obtained from
G1 by replacing xi with x
0
i. Let G
0
2 be a graph obtained from G2 by replacing
xi with x
00
i . Let G
0 be a new graph obtained from G01 and G
0
2 by adding edges
x0ix
00
i (i = 1; 2; 3). Note that three edges fe1; e2; e3g is a 3-edge-cut of G0. By
Lemma 2.2.5, one of G01 and G
0
2 must be a planar. Thus, one of G1 and G2
must be a planar.
2.3 Main results
Theorem 2.3.1 Let G be a 3-connected graph embedded in a projective plane
with ± ¸ 4. Then every longest circuit of G must have a chord.
Proof. Since the result of this theorem for planar graph was proved in [17],
we pay attention only to non planar graphs. Let C be a chordless longest
circuit of G that satis¯es the hypotheses of the theorem.
A vertex subset S is called a separating 3-vertex-cut with respect to C
if S separates V (G) into two parts V 0 and V 00 such that C intersects both V 0
and V 00 and where jSj = 3. C is separable if there is a separating 3-vertex-
cut with respect to C.
I We claim that C is separable. Assume not, that is, C is not separa-
ble.
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(i) We claim that every edge of G is incident with two distinct faces. If
not, then there is a closed non-contractible curve Á of the projective plane P
that intersects with G at only one vertex of e. By Lemma 2.2.4, G is planar.
Since we consider only non-planar graphs, every edge of G is incident with
two distinct faces. So we can choose an edge e 2 E(G) and a face F which
is incident with e such that E(F )6= E(C).
(ii) For the face F , there exists an fFg-Tutte circuit CT of G contain-
ing e by Lemma 2.2.2.
(iii) We claim that V (C) n V (CT )6= ;.
(iii-(a))Case 1 E(F ) = E(CT ). Then E(CT )6= E(C) by (i). If V (C) µ
V (CT ) , then V (CT ) = V (C) since C is a longest circuit of G. Thus, by (i),
all the edges in E(CT ) n E(C) must be the chords of C, contradicting the
assumption that C is chordless.
(iii-(b))Case 2 E(F )6= E(CT ). Then CT has some chords by the def-
inition of Tutte-circuit. If V (C) µ V (CT ) , then V (CT ) = V (C) since C is
a longest circuit of G. Let E1 = E(G[V (C)]) and E2 = E(G[V (CT )]). Here
E1 = E2 since V (C) = V (CT ). This implies that jE1 n E(C)j is the same
as the number of chords of CT (which equals jE2 n E(CT )j). Note that the
Tutte-circuit CT does have chords. This contradicts to the fact that C is
chordless.
(iv) We claim that the Tutte circuit CT has a bridge B such that V (B) \
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V (C) 6= ;. If not, that is, every bridge B of CT contains no vertex of C.
Then V (C) µ V (CT ). This contradicts (iii).
(v) By (iv), let B be a non-chord bridge of the Tutte circuit CT with
V (B) \ V (C)6= ; (2.1)
Since C is not separable, the 3-vertex-cut A(B)(the attachments of B)
cannot separate vertices of V (C). Thus,
V (C) µ A(B) [ V (B) (2.2)
and
V (CT ) µ G n V (B) (2.3)
V (C) \ V (CT ) µ A(B): (2.4)
(vi) Let A(B) = fx; y; zg. Note that the edge e is in both C and CT . Let
e = xy: Here, x; y 2 V (C) \ V (CT ) since e 2 E(C) \ E(CT ). Furthermore,
we have that
z 2 V (C) (2.5)
for otherwise, V (C) \ V (CT ) = fx; yg and we have a circuit xCyCTx
longer than C, a contradiction.
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(vii) We claim that jV (CT )j > 3. If jV (CT )j = 3, then, by (vi), V (CT ) =
A(B) = V (CT ) \ V (C). Since V (C) n V (CT ) 6= ; (by (iii)), C 6= CT , and
therefore E(CT ) n E(C)6= ;. Hence, each edge of E(CT ) n E(C) is a chord
of C, a contradiction.
(viii) By (v), z 2 V (C) and CT is of length ¸ 4 by (vii). Therefore, by
(iii) either the segment yCTz or the segment zCTx has at least one vertex v
that is not in C. Say, v 2 zCTx n V (C). Since G is 3-connected, there is a
path P joining zCTx¡fx; zg and yCTz¡fzg in Gnfx; zg. Choose P as short
as possible. Let P = u0 ¢ ¢ ¢ u00 with u0 2 zCTx¡ fx; zg and u00 2 yCTz ¡ fzg.
If [V (P ) n fyg] \ V (B) = ;, then u0CTxCyCTu00Pu0 is a circuit longer than
C. So [V (P ) n fyg] \ V (B) 6= ;, then u0 2 A(B) or u00 2 A(B) if u00 6= y
(since P is shortest). But this contradicts B being a 3-attachment bridge
with A(B) = fx; y; zg.
II By I, C is separable. Let V ¤ be a separable 3-vertex-cut with respect
to C such that V ¤ separates G into V 0 and V 00. By Lemma 2.2.5 one of
G[V 0 [ V ¤]; G[V 00 [ V ¤] must be planar. Without loss of generality, assume
that G[V 00 [ V ¤] is a planar. We choose V ¤ such that V 00 is as small as
possible.
Since C must pass through two vertices of V ¤ to enter V 00 from V 0, the
parts of C in G[V 0 [ V ¤] and G[V 00 [ V ¤] are paths. Let C \ G[V 0 [ V ¤] =
P 0 = x ¢ ¢ ¢ y, and C \ G[V 00 [ V ¤] = P 00 = y ¢ ¢ ¢x: Obviously, x; y 2 V ¤. Let
V ¤ = fx; y; zg. We construct a new graph G¤ according to the following two
cases:
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(a) If z =2 V (P 0), let w be a new vertex not in C, add the vertex w to
V (G[V 00 [ V ¤]) and add three new edges fwx;wy; wzg to E(G[V 00 [ V ¤]).
Denote the new graph G¤.
(b) If z 2 V (P 0), let w = z and
G¤ = G[V 00 [ V ¤ [ fwg] [ fwx;wyg
Obviously, G¤ is still planar.
Let C¤ be the graph obtained from P 00 by adding the vertex w and edges
wx;wy. Here, C¤ is a longest circuit of G¤ containing wx and wy:
Let F1,F2 be two faces of G containing wx: There is an fF1; F2g-Tutte
circuit Co of G¤ that contains wx and wy (by Lemma 3.2).
(i) If jV (C) \ V 00j = 1, then let fvg = V (C) \ V 00 and P 00 must be
one of fxvy; xvzy; xzvyg: Without loss of generality, we consider the case
fxvy; xvzyg: let P 00 = w1 ¢ ¢ ¢wt where w1 = x; wt = y; w2 = v if t = 3 and
w3 = z if t = 4,(note the case fxvy; xzvyg is similar to the case fxvy; xvzyg).
Since the minimum degree of G is at least four, there are at least two
edges adjacent to v not contained in C. Let vu be an edge not contained in
C such that z6= u: Clearly u 2 V 00. Let BC be the C¡ bridge of G containing
u. If w1 or w3 is in the attachment of BC , then P
¤ = w1Pw1uvP
00wt (where
Pw1 is the longest path in BC connecting w1 and u) or P
¤ = xvuPw3w3P
00wt
(where Pw3 is the longest path in BC connecting w3 and u) would be longer
than P 00 in G¤, C would not be a longest circuit. Hence, neither w1 nor w3
is in attachment set of BC . Note that every path joining u and a vertex in
V (C) must pass through fw4; vg if t = 4 or fz; vg if t = 3, which contradicts
G being 3-connected. Hence, jV (C) \ V 00j ¸ 2.
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(ii) Since V 00 is minimum and jV (C) \ V 00j ¸ 2, so jN(v) \ V 00j ¸ 2 for
any v 2 V ¤. Let xxi be the edge of G¤ lying on the boundary of Fi and
xxi 6= xw for i = 1; 2. Obviously, xx1; xx2 2 E(G). Since Co is an fF1; F2g¡
Tutte circuit and because G¤ is 3-connected, xxi either lies on Co or is chord
of Co. Hence, fx; x1; x2g µ V (Co) and one of fxx1; xx2g must be a chord of
Co since xw 2 E(Co).
(iii) We claim that V (Co)nfx; y; z; wg 6= ;. Assume that V (Co)nfx; y; z; wg
= ;, then by (ii), fx1; x2g = fy; zg and since V (C) \ V 00 6= ;, xy is a chord
of C. This contradicts C being chordless. Hence, V (Co) n fx; y; z; wg 6= ;.
(iv) We claim that each nonchord bridge B of Co must be contained in
some bridge of C¤. Suppose that V (B) \ V (C¤)6= ; for some bridge B of
Co.
(iv-®) Case 1 w =2 A(B) or w = z: If w =2 A(B), then z =2 V (B) since
Co contains edges wx and wy. If w = z, then w = z =2 V (B). Hence
x; y; z =2 V (B) and V 0 adjacent only with fx; y; zg in G will imply that A(B)
is a vertex-cut that separates G into V (B) and V (G) n [A(B)[ V (B)]: Since
V (Co) n fx; y; z; wg 6= ; ( by (iii)), V (B) would be a proper subset of V 00.
Howerer, V (B) intersects with C, which contradicts to the choice of V ¤ with
V 00 minimum.
(iv-¯) Case 2 w 2 A(B) and w 6= z. Since fx; y; wg µ V (Co) and
w 2 A(B), we must have that z 2 V (B) and wz 2 [V (B); A(B)]. Since Co is
an fF1; F2g¡Tutte circuit and wz 2 E(F1[F2). B is a 2-attachment bridge.
Since d(z) ¸ 3 in G¤; V (B) n fzg 6= ;: Let A(B) = fw; ug. Then U¤ =
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fz; ug is a vertex-cut of G¤ because d(w) = 3 and hence w 2 A(B). U¤ would
separate G¤ into U 00 = V (B) n fzg and U 0 = [V (G¤) n [V (B)[A(B))][ fwg.
Since fx; y; z; wg µ U 0[U¤, V 0 only adjacent with V ¤ = fx; y; zg would imply
that V 0 and U 00 are disconnected in G n U¤. Hence, U¤ is a 2-vertex-cut sep-
arating G into U 00 and V 0 [U 0 n fwg, which contradicts C being 3-connected
. Now we conclude our claim in all cases.
(v) By (iv), V (C¤) µ V (Co) since each bridge of Co is contained in some
bridge of C¤. Moreover, V (Co) = V (C¤) because C¤ is a longest circuit of
G¤ containing wx and wy: By (ii), fx; x1; x2g µ V (Co) = V (C¤) and one of
fxx1; xx2g is a chord of C¤, which is also a chord of C in G. This contradicts
C being chordless. This completes the proof.
Chapter 3
Multiple Chords of Longest
Circuits in 3-Connected Graphs
3.1 Introduction
We have proved in Chapter 2 that every longest circuit of 3-connected graph
embedded in projective plane has a chord. A graph is said to be cubic if
every vertex has of degree 3. In this chapter, we prove that every longest
circuit of a 3-connected cubic graph has at least two chords. Furthermore, if
the graph is also planar, then every longest circuit has at least three chords.
In 1997, Carsten Thomassen [14] proved that every longest circuit in
a 3-connected cubic graph has a chord. With a similar method and more
detail,we prove that the same circuit has at least two chords. If this graph
is planar, then has at least 3 chords.
A underlying graph of G is the graph induced from G by subsititing each
path P = x1x2 : : : xs of G by an edge x1xs where dG(xi) = 2 (1 · i · s).
16
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3.2 Multiple chords of longest circuits in cu-
bic graphs
Lemma 3.2.1 (Fleischner and Stiebitz [3]) Let n be a positive integer, and
let G be a 4-regular graph on 3n vertices. Assume that G has a decomposition
into a Hamilton circuit and n pairwise vertex disjoint triangles. Then Â(G) =
3.
Lemma 3.2.2 Let C be a Hamilton circuit of a graph G, and V (G) = V (C)
have a partition fA;Bg such that
(1) A is an independent set of C ( may not be independent in G), and
(2) G nA has jAj components.
Then, for each v 2 A, every Hamilton path of G starting at v must end
at a vertex of B.
Proof Let P = v ¢ ¢ ¢ x be a Hamilton path of G starting at v 2 A. If
x =2 B, then G n A ¶ P n A has at most jAj ¡1 components since both
endvertices x and v of P are in A. This contradicts the condition (2).
Lemma 3.2.3 (Thomason, [14])
Let G be a graph described in Lemma 3.2.2 such that d(w) is odd for every
w 2 B. Let v 2 A and e be an edge of C incident with v. Then the number
of Hamilton circuits of G containing the edge e must be even.
Proof Let P be the set of all Hamilton paths in G starting at v and e.
Construct an auxiliary graph H as follows: V (H) = P and for each pair
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P1 = x1 ¢ ¢ ¢ xn; P2 = y1 ¢ ¢ ¢ yn ( where x1 = y1 = v and x1x2 = y1y2 = e) of
P, P1 and P2 are adjacent in H if and only if xn is adjacent to a vertex xt
(t ¸ 2) such that P2 = x1P1xtxnP1xt+1.
For each P = u1 ¢ ¢ ¢ un 2 P, it is obvious that
(1) the vertex P in H must be of degree dG(un)¡ 1 if u1un =2 E(G).
(2) the vertex P in H must be of degree dG(un)¡ 2 if u1un 2 E(G).
By Lemma 3.2.2, un 2 B. Therefore, P = u1 ¢ ¢ ¢un must be of even
degree if u1un =2 E(G), and must be of odd degree if u1un 2 E(G). Since the
number of odd degree vertices of H must be even, the number of members
P 2 P with u1un 2 E(G) is even.
Corollary 3.2.4 Let C be a Hamilton circuit in the graph G. If C has a
vertex set A such that
(1) A is independent in C ( may not be independent in G) and
(2) every vertex not in A is joined to a vertex in A by an edge in E(G)n
E(C).
Then, for each vertex v 2 A and each edge e 2 E(C) incident with v, the
number of Hamilton circuits of G containing the edge e must be more than
one.
Proof Let G0 be a subgraph of G which consists of all vertices of G,
all edges of C and precisely one edge of E(G) n E(C) joining x and A for
each vertex x not in A. Then, each vertex of G0 n A has degree 3, so, by
Lemma 3.2.3, G has a second Hamilton circuit containing the edge e.
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Lemma 3.2.5 Let C and C 0 be two di®erent Hamilton circuits of a simple
graph G of order ¸ 5. Let C = v1v2 ¢ ¢ ¢ vrv1 ( r ¸ 5) in clockwise order.
Then
(1) jE(C 0) n E(C)j ¸ 2 and
(2) if jE(C 0) n E(C)j = 2, then E(C 0) n E(C) must be a pair of chords
fvavb; va¡1vb¡1g of C.
Proof. Since C 6= C 0, jE(C)j = jE(C 0)j and G is simple, we have that
jE(C 0) n E(C)j = jE(C) n E(C 0)j. And C4C 0 is an even subgraph of G
with jE(C 0) n E(C)j = 1
2
jE(C4C 0)j ¸ 4
2
= 2. (If jE(C4C 0)j = 2, then
jE(C 0) nE(C)j = jE(C) nE(C 0)j = 1 which is impossible since G is simple ).
This proves (1).
If jE(C 0) n E(C)j = 2, then jE(C) n E(C 0)j = 2.
Let E(C 0) n E(C) = fv®v¯; v°v±g. Note that C 0 n fv®v¯; v°v±g is a set
of 2 paths Q1; Q2 with end vertices in fv®; v¯; v°; v±g. Since Q1 and Q2
are also segments of C, and jE(C) n fE(Q1) [ E(Q2)gj = 2 ( note that
jE(C 0)j = jE(C)j ), we must have that v° = v®§1 and v± = v¯§1. This proves
(2).
Theorem 3.2.6 Let G be a 3-connected cubic graph. Then every longest
circuit of G must have at least two chords.
Proof Let C be a longest circuit ofG which has only one chord. SinceG is
3-connected and cubic, it is easy to check the Theorem is true for jE(C)j · 5.
So we assume that jE(C)j ¸ 6. Let e = xy be the only chord that C has.
Let x0; x00 be the neighbor of x in C and y0; y00 be the neighbor of y in C.
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Delete e from G. Let the resulting underlying graph be G0 = G¡ e and C 0
be the Hamilton circuit of G0 corresponding to the C of G.
For each component B of G n V (C 0), we select three vertices x(B); y(B);
z(B) of C 0 which are joined to the vertices of B. This is possible since G is
3-connected. Since G is cubic, fx(B); y(B); z(B)g\fx(B0); y(B0); z(B0)g = ;
if B6= B0.
We construct a new graph G00 which consists of C 0 and all triangles of the
form x(B)y(B)z(B)x(B). By Lemma 3.2.1, G00 is 3-colorable.
Let c : V (G00)7! f1; 2; 3g. Each c¡1(i) (i = 1; 2; 3) is a independent set of
C 0. Without loss of generality, let c(x0) = 1. We construct another new graph
G000 from G0 by contracting each component B of G0 n V (C 0) into a vertex
x(B) 2 A(B) \ c¡1(1). So G000 has another Hamilton circuit C 00 containing
x0x00 di®erent from C 0 by the Corollary 3.2.4 (x0 is in the independent set
c¡1(1) of C).
Note that jE(C 00) n E(C 0)j ¸ 2 by Lemma 3.2.5. Though C 00 may miss
the edge y0y00, but it must use at least 2 chords of C 0 in G000. Back to G, let
C¤ be the circuit corresponding to C 00. In the circuit C¤, the vertex y may
not be in C¤ if y0y00 is not in C 00. But those edges in E(C 00) n E(C 0) must
belong to some triangles of form fx(B); y(B); z(B)g where B is one of the
components of G n V (C 0). So they must bring at least two new vertices into
C¤ which are in at least two di®erent components of G n V (C 0). So, C¤ is
longer than C. This contradicts the assumption that C is a longest circuit.
Theorem 3.2.7 Every longest circuit of a 3-connected cubic planar graph
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has at least 3 chords.
Proof. Since G is 3-connected and cubic, it is easy to check that the
theorem is true for jE(C)j · 5, so we assume that jE(C)j ¸ 6. Let C =
v1 ¢ ¢ ¢ vrv1 (r ¸ 6) be a longest circuit of a 3-connected plane graph G in
clockwise order. By Theorem 3.2.6, we assume that C has precisely 2 chords
vavb; vcvd (where 1 · a < b; c < d).
Construct a graph H from G by
(1) replacing each non-trivial bridge B with a triangle vpvqvrvp with
fvp; vq; vrg µ A(B) (where A(B) is the attachment of the bridge B). This is
possible since G is 3-connected. Since G is cubic, fvp; vq; vrg\fvp0 ; vq0; vr0g =
; if B6= B0 ( where fvp0; vq0 ; vr0g µ A(B0) );
(2) replacing the chords vavb; vcvd with a triangle vavbvcva.
Now the underlying graph H is vertex-3-colorable by Lemma 3.2.1.
Let c : V (H) n fvdg = V (H)7! f1; 2; 3g.
Without loss of generality, let fc(vd+1); c(vd¡1)g = f1; 2g (note that they
are adjacent in H). Since c(va) 6= c(vc), without loss of generality, let 1 2
fc(va); c(vc)g\ fc(vd+1); c(vd¡1)g.
Let H be the underlying graph of the graph obtained from G n vcvd by
contracting each bridge B of C in G other than vcvd into a vertex of c
¡1(1)\
A(B). By Corollary 3.2.4, H contains a Hamilton circuit C 0 containing the
edge vd¡1vd+1 and is di®erent from C. Note that the edge vc¡1vc+1 of C may
not be in C 0 and C 0 must contain at least two chords of C in H. We consider
the following four cases:
Case 1 vc¡1vc+1 =2 E(C 0); vavb 2 E(C 0).
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Case 2 vc¡1vc+1 =2 E(C 0); vavb =2 E(C 0).
Case 3 vc¡1vc+1 2 E(C 0); vavb 2 E(C 0).
Case 4 vc¡1vc+1 2 E(C 0); vavb =2 E(C 0).
Let p = jE(C 0) n [E(C) [ fvavbg]j in H. Assume that p ¸ 2 in Case
1 and Case 2, or p ¸ 1 in Case 3 and Case 4. Note that each edge of
E(C 0) n [E(C) [ fvavbg] joins a pair of vertices of A(B) for some non-trivial
bridge B of C in G. Thus, the circuit in G corresding to C 0 is longer than
C. This contradicts that C is longest. So, we have that p = 1 for Case 1 and
Case 2, p = 0 for Case 3 and Case 4. By Lemma 3.2.5, jE(C 0) n E(C)j ¸ 2,
we have that Case 2, Case 3 and Case 4 cannot happen. The only remaining
case is Case 1 that vc¡1vc+1 =2 E(C 0), vavb 2 E(C 0) and p = 1. Let vivj 2
E(C 0) n [E(C)[fvavbg] (note that p = 1 here) where vi; vj 2 A(B1) for some
nontrivial bridge B1 of C in G and vi is a adjacent to va; vj is adjacent to vb
along the circuit C in H by Lemma 3.2.5(ii). Note that vc¡1vc+1 2 E(C 0) in
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the Case 1, vc must be between either va and vi, or vb and vj . Without loss
of generality, let i = a+ 1; c = b+ 1; j = b+ 2: (Figure 2).
With similar arguments, consider the Hamilton circuit C 00 ofH containing
the edge vc¡1vc+1(= vbvj) (note that one of vertex in fvc¡1; vc+1g is in the
independent set c¡1(1) of C). And vd¡1vd+1(= va¡2va) =2 C 00, vavb 2 C 00,
jE(C 00) n [E(C) [ fvavbg]j = 1. Let vrvq 2 E(C 00) n [E(C) [ fvavbg], without
loss of generality, let vr adjacent to vb and vq adjacent to va by Lemma 3.2.5.
Since c = b + 1 and C 00 pass through edge vc¡1vc+1, so r = b¡ 1, q = a ¡ 1
(see Figure 3). Now C [ C 0 [ C 00 contains a subdivition of K3;3 which is
impossible since G is a planar.
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Chapter 4
Chords of Graphs Embedded in
the Torus and Klein Bottle
4.1 Introduction and Terminology
A torus is a surface in three dimensional real space obtained by rotating
a circle about a line which lies in the plane of the circle but does not intersect
the circle. A torus may be thought of as the sphere with one handle.
A Klein bottle is a one-sided surface which can be made from a cylindrical
surface with the two ends of this cylinder to be identi¯ed.
In this chapter,we shall prove the following theorem:
Theorem 4.1.1 (The Main Theorem) Every longest circuit of a 4-connected
24
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graph embedded in the torus or the Klein bottle has a chord.
The method that we shall use in the proof of Theorem 4.1.1 is very di®er-
ent from those in papers ([14],[15]) and [17]. Methods used in those papers
are based on connectivity, enumeration, Hamilton circuits and vertex color-
ing. Here, we use Euler contribution, charge-discharge method.
Let u, v 2 V (G). The vertex u is a neighbor of v if uv 2 E(G). The set
of all neighbors of v is denoted by N(v) and the set of edges incident with
the vertex v is denoted by E(v). The degree of a vertex v, denoted by dG(v)
(or simply, d(v), if there is no confusion), is the number of neighbors of v.
For a subgraph P of G, dP (v) = jN(v) \ V (P )j.
The length of the boundary of a face f (or, simply, the length of f , the
degree of f) of a graph G is denoted by dG(f).
Let C = v1v2 : : : vivi+1 : : : vmv1 be a longest circuit of a 4-connected graph
G. Let vi; vj 2 V (C) with i < j, the segment vivi+1 : : : vj¡1vj of C is denoted
by viCvj, the segment vjvj¡1 : : : vi+1vi of C is denoted by vj ¹Cvi.
Let G be embedded in a surface S. If each face of G is isomorphic to
an open disk, then this embedding is called an open 2-cell embedding. Note
that every graph has an open 2-cell embedding in some surface and all em-
beddings we considered in this chapter are open 2-cell embeddings.
For the sake of convenience in the later discussion, if e = xy and f 0, f 00
are faces on the two sides of the edge e, we say that the edge e is associated
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with sequence fx; y; f 0; f 00g. (It is possible that f 0 may be the same as f 00.)
4.2 Euler Contribution
Let a graph H be embedded in a surface. For a vertex v 2 V (H), let
fe1; : : : ; ed(v)g = E(v) where ei; ei+1 (mod d(v)) are on the boundary of a
face. An angle ® (at v) of G is a pair of edges fei; ei+1g (mod d(v)).
Denote the set of all angles of H by ¤. For an angle ® 2 ¤ at a vertex v
and at a corner of a face f , denote the vertex v by v® and face f by f®. Note
that there are d(v) angles at vertex v and there are d(f) angles at the corners
of a face f and each edge appears in four angles and each angle consists of
two edges.
jV (H)j =
X
®2¤(G)
1
d(v®)
;
jE(H)j =
X
®2¤(G)
1
2
;
jF (H)j =
X
®2¤(G)
1
d(f®)
:
From Eular's formula for the torus and the Klein bottle
jV (H)j ¡ jE(H)j+ jF (H)j = 0;
we have Lebesgue's formula ([6])X
®2¤(H)
(
1
d(v®)
+
1
d(f®)
¡ 1
2
) = 0: (1)
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For each angle ®, the term
©(®) =
1
d(v®)
+
1
d(f®)
¡ 1
2
(2)
of (1) is called the Euler contribution of the angle ®.
For an edge e = v1v2, let f1; f2 be the faces incident with e. Note that e
appears in four angles and each angle consists of two edges. When one sums
a half of the Euler contribution of all angles containing e, one obtains the
Euler contribution of the edge e
©(e) =
1
d(v1)
+
1
d(v2)
+
1
d(f1)
+
1
d(f2)
¡ 1: (3)
According to Lebesgue's formula (1), we have the total Euler contribu-
tions of all angles and all edgesX
®2¤(H)
©(®) =
X
e2E(G)
©(e) = 0: (4)
4.3 Lemmas and De¯nitions
The application of Euler contribution and the search for edges with positive
Euler contributions will lead our attention to the local structure of some
adjacent pairs of small faces. Though the global embedding in the torus or
the Klein bottle is di®erent from that in the sphere, the local structure of a
subgraph embedded in an open disk neighborhood of the torus or the Klein
bottle may appear very similar to the planar graph. In order to avoid any
possible misuse of properties that are for the sphere but not for the torus
or the Klein bottle, we need two lemmas (Lemma 4.3.2 and Lemma 4.3.3.)
which describe some local properties of faces and their boundaries in the
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torus and the Klein bottle. Lemma 4.3.2 (together with some claims, such
as claim (5) in the proof) enables us to work on small faces locally without
worrying about any complicated structure around the boundaries (very much
like in the sphere).
A remark. Note that the embedding we are talking about here is an
open 2-cell embedding. That is, each face is isomorphic to an open disk.
However, one should not confuse it with a closed 2-cell embedding, in which
the closure of every face is isomorphic to a closed disk. Therefore, we cannot
assume that the boundary of any face is a circuit, since it is possible that it
might pass twice through some edge.
De¯nition 4.3.1 Let H be a graph embedded in a surface S. A face f of G
is good if the boundary of f is a circuit. A face f is bad if otherwise.
Lemma 4.3.2 Let H be a connected triangle-free graph with ±(H) ¸ 2 which
has an open 2-cell embedding in a surface S. Let f be a face of G in S. If f
is a bad face of G, then the length of f must be at least 10 if the surface S is
orientable, and is at least 8 if S is non-orientable.
Proof. Let C be the boundary of a bad face f which closed walk orien-
tation C = v1 : : : vrv1. Since f is bad, C is not a circuit. Hence, some edge
e is passed twice in C.
Case 1. The edge e is passed twice in opposite directions. Assume that
e = xy is v1v2 = xy and v¹¡1v¹ = yx in the closed walk C. Since ±(H) ¸ 2,
the graph induced by the closed subwalk v2 : : : v¹¡1 contains a circuit Q1 of
length at most ¹¡ 3. Furthermore, Q1 is of length at least 4 since the graph
Chords of Graphs Embedded in Torus and Klein Bottle 29
H is triangle-free. Symmetrically, the graph induced by the closed subwalk
v¹ : : : vrv1 contains a circuit Q2 of length at most r ¡ ¹+ 1, which is also at
least 4. So, it is obvious that r ¸ 10.
Case 2. The edge e is passed twice in the same direction. (Note that
this case occurs only in non-orientable surfaces.) Assume that e = xy is
v1v2 = xy and v¹¡1v¹ = xy in the closed walk C. Since ±(H) ¸ 2, the
graph induced by the closed subwalk v2 : : : v¹ contains a circuit Q3 of length
at most ¹ ¡ 2. Furthermore, the circuit Q3 is of length is at least 4 since
the graph is triangle-free. Symmetrically, the graph induced by the closed
subwalk v¹ : : : vrv1v2 contains a circuit Q4 of length at most r¡¹+2. So, it
is obvious that r ¸ 8.
Lemma 4.3.3 Let H be a 3-connected graph embedded in a surface S. As-
sume that e is an edge of H incident with faces f 0 and f 00. Then f 0 = f 00 i®
there is a non-contractible closed curve Á in the surface S such that Á \H
(= Á \ feg) is a single point. Furthermore, f 0 = f 00 implies that dH(f 0) ¸ 8
if H is simple and triangle free.
Proof. The ¯rst statement is obvious sinceH is 3-connected. By Lemma 4.3.2
, the second statement holds as H is triangle free and ±(H) ¸ 3.
De¯nition 4.3.4 Let H be a graph embedded in a surface S and C be a given
dominating, chordless circuit of H. A good face f is normal (with respect to
the circuit C) if f has only one vertex which is not on C. A good face f is
special (with respect to the circuit C) if f is not normal.
Examples of normal and special faces are illustrated in the following ¯gures.
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For the sake of convenience of later discussion, we list Euler contributions
of some edges where e is associated with fx; y; f 0; f 00g:
dH(x) dH(y) dH(f
0) dH(f 00) ©(e)
3 3 5 5 1
15
3 3 5 6 1
30
3 3 5 7 1
105
3 4 4 5 1
30
3 4 4 6 0
3 4 4 7 ¡ 1
42
3 4 5 5 ¡ 1
60
3 4 5 6 ¡ 1
20
3 4 5 7 ¡ 31
420
4 4 4 5 ¡ 1
20
4 4 4 6 ¡ 1
12
4 4 4 7 ¡ 3
28
4 4 5 6 ¡ 2
15
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4.4 Proof of the main theorem
We prove the theorem by contradiction. Our proof consists of four parts.
Part one gives some basic structures, part two discusses the existence of
positive edges, part three describes ¯ve non-avoidable con¯gurations, and
part four implements charge-discharge on ¯ve non-avoidable con¯gurations.
Let C = v1v2 ¢ ¢ ¢ vmv1 be a longest circuit of G without chord.
Let H be a graph obtained from G by contracting each bridge of C into
a single vertex.
Part 1. Some basic structures.
(1). C is a longest circuit of H, and C is a dominating, chordless circuit of
H.
(2). H is 3-connected. For each vertex x =2 C, dH(x) ¸ 4 since G is 4-
connected. And, dH(x) ¸ 3 for each x 2 V (C).
(3). H is triangle free, for otherwise, C can be extended.
(4). C is of length at least 8 since dH(x) ¸ 4 for every x =2 V (H).
(5). We investigate the local structure around some edges of C. Let e =
v1v2 2 E(C) and f 0 and f 00 be the faces of H on the two sides of e (that is,
e is associated with fv1; v2; f 0; f 00g).
If
maxfdH(f 0); dH(f 00)g · 7 and dH(f 0) + dH(f 00) · 12;
then we claim that
(5-a). f 0 and f 00 are good faces and therefore, they are distinct.
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If, in addition, both f 0 and f 00 are normal, then we claim that ((5-b),
(5-c), (5-d))
(5-b). jE(f 0) \ E(f 00)j = 1 (that is, the edge e = v1v2 is the only common
edge of those two faces.)
(5-c). V (f 0) n V (C)6= V (f 00) n V (C).
(5-d). dH(f
0) + dH(f 00) ¸ 10:
Proof of (5-a): Since f 0 and f 00 are of degree · 7, by Lemma 4.3.3, their
boundaries are circuits and therefore, they are good faces. Since they are
good, the edge e cannot be passed twice by the boundary of any one of
them, they must be di®erent.
Proof of (5-b): Let Q0 (and Q00) be the maximal segment of C contained
in the boundary of the normal face f 0 (and f 00, respectively). Here, the edge
e 2 Q0 \Q00.
Let P be a maximal segment of C contained in Q0 \ Q00. We ¯rst claim
that the length of P is at most one. If not, then every internal vertex of P
must be of degree two since f 0 and f 00 are distinct and are on the two sides
of the segment P . This contradicts that ±(H) ¸ 3 (by (2)).
Thus, we can see that the claim is true if Q0 \ Q00 contains only one
segment. So, we assume that Q0 \Q00 contains more than one segment.
Since Q0; Q00 are contained in the circuit C, Q0 \ Q00 consists of at most
two segments, say, P 0 and P 00. Furthermore, Q0 [ Q00 = C. Note that, we
have already proved that each segment contained in Q0 \ Q00 is of length at
most one. So, if the claim is not true, each segment P 0 and P 00 is of length
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precise one. Hence,
jE(C)j = jE(Q0)j+ jE(Q00)j ¡ jE(P 0)j ¡ jE(P 00)j
= (dH(f
0)¡ 2) + (dH(f 00)¡ 2)¡ 2
· 12¡ 6 = 6;
This contradicts (4) that C is of length at least 8.
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Proof of (5-c). Let x1 2 V (f 0) n V (C) and x2 2 V (f 00) n V (C). By (5-b),
e = v1v2 is the only one edge contained in both f
0 and f 00. Therefore, if
x1 = x2, then x1v1v2x1 would be a triangle in the triangle-free graph H. A
contradiction.
Proof of (5-d). Let f 0 = x1v1Cvjx1 and f 00 = x2v2Cvhx2 since e = v1v2 is
the only edge in E(f 0) \ E(f 00).
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We have another circuit C 0 = vhx2v2v1x1vjCvh. Here, since C is a longest
circuit in H, we have that
jE(C)j ¸ jE(C 0)j
= jE(C)j ¡ jE(vhCv1)j ¡ jE(v2Cvj)j+ jE(vhx2v2)j+ jE(v1x1vj)j
= jE(C)j ¡ (dH(f 0)¡ 3)¡ (dH(f 00)¡ 3) + 4
= jE(C)j ¡ dH(f 0)¡ dH(f 00) + 10:
Hence,
dH(f
0) + dH(f 00) ¸ 10:
This proves our claim of (5-d).
(6). Let f be a face of degree 4. It is easy to prove that if E(f)\E(C)6= ;,
or some vertex of f is of degree 3, then f must be a normal 4¡face.
(7). We investigate the local structure of a degree 3 vertex of H. Let
vi 2 V (C) with dH(vi) = 3 and let vix 2 E(H) n E(C). Let B be the bridge
of C in the original graph G that the vertex x of H is created by the con-
traction of B, and let vj 2 A(B) n fvig.
(7-a). We claim that there is a path in B joining vi and vj of length at
least 3.
(7-b). We claim that jE(viCvj)j ¸ 3 and jE(vjCvi)j ¸ 3
(7-c). We claim that each face of H containing the edge vix is of degree
at least 5.
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(7-d). We claim that if e = vivi+1 2 E(C) with dH(vi) = dH(vi+1) = 3,
then every face containing the edge e is of degree at least 5.
Proof of (7-a). Since dG(vi) ¸ 4 and dH(vi) = 3, all vertices of NG(vi) n
V (C) are in the same bridge of C, say, B, and, hence, jV (B)j ¸ 2 in G. Let
V (B) = fb1; b2; : : : ; btg (t ¸ 2). Note that dB(vi) ¸ 2 in B since dG(vi) ¸ 4.
Without loss of generality, let vib1; vib2 2 E(G). For vj 2 A(B) n fvig, let
vjbk 2 E(G) for some k (1 · k · t), there are some paths joining vi and vj
in B since B n A(B) is connected. Let Pvivj be a longest path of B joining
vi and vj in B. We claim that jE(Pvivj)j ¸ 3. Otherwise, jE(Pvivj)j · 2
implies jE(Pvivj)j = 2. Let Pvivj = vibkvj and let b1 2 fb1; b2g n fbkg as
dB(vi) ¸ 2. There is a path P 0 of B nA(B) joining b1 and bk since B nA(B)
is connected. The path vib1P
0bkvj would be longer than Pvivj , a contradiction.
Proof of (7-b). It is obvious by (7-a) (see the following ¯gure).
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Figure for (7-b)
36 Chords of Longest Circuits of Graphs
Proof of (7-c). Assume that there is a face f of degree 4 where f is in-
cident with the edge vix. We can see that f is neither a normal 4¡face (by
(7-b)), nor a special 4¡face (by (6) since dH(vi) = 3).
Proof of (7-d): Let vix; vi+1y 2 E(H)nE(C). By (7-c), each face incident
with either vix or vi+1y is of degree at least 5. Assume that there is a face
f that contains the edge e = vivi+1 but not any of vix and vi+1y. Since
dH(vi) = dH(vi+1) = 3, the face f must use the segment vi¡1vivi+1vi+2 of C.
So, the face f must be of length at least 5.
(8). Let edge e = vivi+1 2 C be associated with fvi; vi+1;f 0,f 00g and f 0 6= f 00.
We claim that
(8-a). if both f 0 and f 00 are normal faces, then
fdH(f 0); dH(f 00)g 6= f4; 4g or f4; 5g;
(8-b). if both f 0 and f 00 are normal faces and dH(vi) = dH(vi+1) = 3, then
fdH(f 0); dH(f 00)g 6= f5; 5g or f5; 6g:
Proof of (8-a): (8-a) is an immediate corollary of (5-d).
Illustration of (8-b) are in the following ¯gures.
Proof of (8-b): Assume that dH(vi) = dH(vi+1) = 3 and fdH(f 0), dH(f 00)g
= f5; 5g. By (5-b), we know that E(f 0) \ E(f 00) = fe = vivi+1g. Let
f 0 = wvivi+1 vi+2vi+3w, f 00 = xvi¡2vi¡1vivi+1x where x; w =2 V (C) and w6= x
(by (5-c)). By (7-a), there is a path P(i¡2)(i+1) of length at least 3 in a bridge
Bi+1 of G joining vi¡2 and vi+1 where Bi+1 is the bridge incident with vi+1,
and there is a path Pi(i+3) of length at least 3 ofBi joining vi and vi+3 whereBi
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(In G)
is the bridge incident with vi. Then the circuit vi¡2P(i¡2)(i+1)vi+1viPi(i+3)vi+3
Cvi¡2 would be longer than C. This contradicts that C is a longest circuit
of H.
Similarly, if fdH(f 0); dH(f 00)g = f5; 6g, then C would not be a longest
circuit of H, either.
Part Two. The existence of positive edges.
An edge e of H is positive, negative or zero if ©(e) > 0,< 0, or = 0,
respectively.
(9). We claim that every nonnegative edge e is incident with two distinct
faces.
Assume that e is incident with only one face f . Since H is triangle free
and ±(H) ¸ 3, then dH(f) ¸ 8 by Lemma 4.3.2. We have that
©(e) · 1
3
+
1
3
+
1
8
+
1
8
¡ 1 < 0
(10). We claim that there exists some positive edge in H.
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We prove it by contradiction. If the claim is false, then ©(e) = 0 for
every edge e 2 E(H) since
X
e2E(H)
©(e) = 0.
There are only three possibilities:
©(e) =
1
3
+
1
4
+
1
4
+
1
6
¡ 1 = 0 (*)
or ©(e) =
1
4
+
1
4
+
1
4
+
1
4
¡ 1 = 0 (**)
or ©(e) =
1
3
+
1
3
+
1
6
+
1
6
¡ 1 = 0 (***)
since dH(x) ¸ 3 and H has no triangles.
Note that (***) does not happen for any edge e 2 E(H) n E(C) since
dH(y) ¸ 4 for every y =2 V (C).
(10.1) We claim that every vertex of V (C) is of degree 4.
Assume that dH(x) = 3 for some vertex x of H. By (2), x 2 V (C).
Let e = xy 2 E(H) n E(C) (x 2 V (C); y =2 V (C)), let f 0 and f 00 be the
faces on the two sides of edge e = xy. Since dH(x) = 3 then we must have
the case (*) here:
©(e) =
1
dH(x)
+
1
dH(y)
+
1
dH(f 0)
+
1
dH(f 00)
¡ 1 = 1
3
+
1
4
+
1
4
+
1
6
¡ 1 = 0 (*)
as dH(x) = 3 and dH(y) ¸ 4.
(10.1.1) We claim that the case (*) will not happen. Assume that the
case (*) holds for an edge e 2 E(H)nE(C), then there is at least one 4¡face
incident with e. This contradicts (7-c) since dH(x) = 3 and the face f
0
contains the edge calculation : xy.
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(10.1.2) By (10.1.1), only the case (**) holds for every e = xy 2 E(H) n
E(C).
The case (**) implies dH(x) = 4 for all x 2 V (C) since each vertex of
V (C) is incident with at least one edge of E(H) nE(C). So, by (10.1.1) and
(10.1.2), dH(x) = 4 for every x 2 V (C).
(10.2) Now we consider edges in E(C). Let e(= v1v2) 2 C be associated
with fv1; v2; f 0; f 00g, by (10.1), dH(v1) = dH(v2) = 4, we must have
©(e) =
1
dH(v1)
+
1
dH(v2)
+
1
dH(f 0)
+
1
dH(f 00)
¡ 1 = 1
4
+
1
4
+
1
4
+
1
4
¡ 1 = 0
as H is triangle free. So, dH(f
0) = dH(f 00) = 4. Obviously, both 4¡faces f 0
and f 00 must be normal faces by (6). But, this contradicts (8-a). Hence, there
exists at least one edge with non-zero Euler contribution. By the equation
(4) of Section 4.2, there are some positive edges.
(11). We claim that every positive edge must be on the longest circuit C.
By (10), there is some positive edge. Assume that our claim is false. Let
e = wv 2 E(H) n E(C) be a positive edge associated with fv; w; f 0; f 00g and
v 2 V (C); w =2 V (C).
Notice that dH(v) ¸ 3, dH(w) ¸ 4 by (2).
(11.1). We claim that dH(v) = 3. If not, assume dH(v) ¸ 4, then
©(e) =
1
dH(v)
+
1
dH(w)
+
1
dH(f 0)
+
1
dH(f 00)
¡ 1 · 1
4
+
1
4
+
1
4
+
1
4
¡ 1 · 0
as dH(w) ¸ 4 and H being triangle-free, a contradiction.
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(11.2). We claim that dH(f
0); dH(f 00) ¸ 5.
By (11.1), we have that dH(v) = 3. Therefore, the claim follows immedi-
ately by (7-c).
By (11.1) and (11.2), we have that
©(e) · 1
3
+
1
4
+
1
5
+
1
5
¡ 1 < 0;
This contradicts that e is a positive edge.
Part three. Five unavoidable con¯gurations.
(12). We investigate the local structure of the face(s) incident with a positive
edge e.
By (11), each positive edge e must be on the longest circuit C. By (10),
every edge not on C is a non-positive edge. Without loss of generality, let
e 2 E(C) be a positive edge associated with fv1; v2; f 0; f 00g.
If both dH(v1); dH(v2) ¸ 4 or one of them is of at least 6, then
©(e) =
1
dH(v1)
+
1
dH(v2)
+
1
dH(f 0)
+
1
dH(f 00)
¡ 1 · 0;
since both dH(f
0); dH(f 00) ¸ 4. So,
minfdH(v1); dH(v2)g = 3 and maxfdH(v1); dH(v2)g · 5
Thus ,
fdH(v1); dH(v2)g 2 ff3; 3g; f3; 4g; f3; 5gg
where we assume that dH(v1) · dH(v2).
(12.1) We ¯rst investigate the case dH(v1) = 3 and dH(v2) ¸ 4. That is,
fdH(v1); dH(v2)g = f3; 4g or f3; 5g:
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(a).
minfdH(f 0); dH(f 00)g ¸ 4
since H is triangle-free.
maxfdH(f 0); dH(f 00)g · 5;
for otherwise, ©(e) · 0. If fdH(f 0); dH(f 00)g = f5; 5g, then ©(e) < 0. So,
fdH(f 0); dH(f 00)g = f4; 4g or f5; 4g:
(b). By (a), one of f 0; f 00 is a 4-face. The 4-face, say, f 00 must be normal
by (6). And note that at least one of f 0; f 00 is special (by (8-a)). Hence, only
one case left by (a) and (b):
fdH(f 0); dH(f 00)g = f5; 4g where f 0 is a special 5-face, f 00 is a
normal 4-face and fdH(v1); dH(v2)g = f3; 4g or f3; 5g
(call it Con¯guration 1).
(12.2) We, then, investigate the case that dH(v1) = dH(v2) = 3.
By (7-d), none of ff 0; f 00g is a 4¡face. So, dH(f 0); dH(f 00) ¸ 5.
If both dH(f
0); dH(f 00) are at least 6, or one of fdH(f 0); dH(f 00)g is at least
8, then ©(e) · 0. So, we have
minfdH(f 0); dH(f 00)g = 5 and maxfdH(f 0); dH(f 00)g · 7:
Therefore, there are only 3 possible subcases left in this case:
fdH(f 0); dH(f 00)g 2 ff5; 5g; f5; 6g; f5; 7gg:
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(a). By (8-b), we have that f 0 and f 00 cannot be both normal faces if
fdH(f 0); dH(f 00)g = f5; 5g or f5; 6g.
(b). We claim that f 0 and f 00 cannot be both special if fdH(f 0); dH(f 00)g =
f5; 5g or f5; 6g. Otherwise, assume both f 0 and f 00 are special. Since f 0 is a
special 5-face, the boundary of f 0 must be v1v2xviyv1 for some x; y =2 V (C)
and vi 2 V (C). Thus, the boundary of the face f 00 must use the segment
vmv1v2v3 of C since dH(v1) = dH(v2) = 3. This would imply that dH(f
00) ¸ 7
if f 00 is special.
From the discussion above, we know that, except for the case that
fdH(f 0); dH(f 00)g = f5; 7g;
the positive edge e is incident with precisely one special face. Let f 0 be the
special face if only one of ff 0; f 00g is special, or f 0 is the shorter one if both
f 0 and f 00 are special, f 0 is the longer one if both f 0 and f 00 are normal.
Above discussion lead us to the following Con¯gurations:
dH(f
0) = 5 and dH(f 00) 2 f6; 7g (where f 0 is special) and dH(v1)
= dH(v2) = 3 (call it Con¯guration 2).
dH(f
0) 2 f6; 7g and dH(f 00) = 5 (where f 0 is special and f 00 is
normal) and dH(v1) = dH(v2) = 3 (call it Con¯guration 3).
dH(f
0) = dH(f 00) = 5 (where f 0 is special, and f 00 is normal) and
dH(v1) = dH(v2) = 3 (call it Con¯guration 4).
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dH(f
0) = 7 and dH(f 00) = 5 and both f 0 and f 00 are normal and
dH(v1) = dH(v2) = 3 (call it Con¯guration 5).
Part 4. Charge-discharge.
(13). From the previous subsections, we have found that the graph H
embedded in the torus or the Klein bottle must have some positive edges
and they must locate along the longest circuit C:
Let Ã : E(H) ! R be a function such that Ã(e) = ©(e), the Euler
contribution (as the initial charge). As we already knew in Section 4.2,P
e2E(H)
Ã(e) = 0 (A)
In this subsection, we will re-distribute (charge and discharge, as com-
monly called) the function Ã such that the total sum of the function Ã(e)
remains the same as before, and we will show later that, under the new func-
tion, the total sum of the function will be negative. This will contradict to
equation (A).
For the sake of convenience of later discussion, we de¯ne some terms. Un-
der the function Ã = ©, an edge e with Ã(e) > 0 is called a D-edge (means
that this edge will be discharged later). We notice that, in the con¯gurations
1 to 4, a D-edge is incident with a special face f 0, which is called a C¡D-face
(it means that the charge-discharge operation will occur along the edges of
this face). We also notice that, in the con¯guration 5, the faces f 0, f 00 inci-
dent with theD-edge e are normal, which, are called C¡D-faces, in this case.
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Each e =2 E(C), is called a C¡edge, A C¡edge e is called a [++]-edge if
it is incident with two C ¡D-faces, or is a [+¡]-edge if it is incident with at
most one C ¡ D-face (it means that the edge e will be charged twice from
two sides or charged at most once from one side).
The charge-discharge operation is described as follows:
For a C ¡D-face f 0 in the con¯gurations 1 to 4, we need to show that
X
e2E(f)
²(e)Ã(e) < 0
where ²(e) = 1 if e is a D-edge or e is a [+¡]-edge, and ²(e) = 1
2
if e is a
[++]-edge. (That is, each edge e 2 E(f) n fD-edgesg, which is of negative
value originally, will be charged with ²(e)jÃ(e)j from those D-edges along
the face f 0. And we will show that, those [++] and [+¡]-edges remain non-
positive, and thoseD-edges will be of negative value after the operation.) For
the con¯guration 5, let e = v1v2 be the D-edge and let v2u and v1z be the
edges of E(H) nE(C) that are incident with e = v1v2. The charge-discharge
operation occurs only among the edges 2 fv1v2; v2u; v1zg as follows: each
e¤ 2 fv1z; v2ug will be charged 12 jÃ(e¤)j from the D-edge v1v2.
Note that the con¯guration 5 is very di®erent that no face is special, it
will be dealt with separately. And the con¯guration 4 needs a little more at-
tention since a rough estimation would not lead us to a negative total value
of Ã around the special face. In the subsections (13-1), and (13-2), we will
deal with the ¯rst four con¯gurations.
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(13-1) The total value of Ã(e) for all e 2 E(f 0)\E(C) for con¯gurations
1-4.
Since f 0 is a special face of degree at most 7 and contains at least one
edge e = v1v2 of C, the face has exactly four edges in E(f
0) n E(C) and
dH(f
0) ¡ 4 edges of E(C). Since no edge of E(H) n E(C) is positive (by
(11)), they are C-edges. Considering the worst case in calculations, each
edge of E(f 0) \ E(C) could be positive (therefore, a D-edge).
(i). If the degree of the special face f 0 is 5, then e = v1v2 is the only edge
of E(f 0) \ E(C). Hence,
(i-1). for the con¯guration 1,X
e2E(f 0)\E(C)
Ã(e) = Ã(v1v2) · 1
3
+
1
4
+
1
5
+
1
4
¡ 1 = 1
30
;
(i-2). for the con¯guration 2,X
e2E(f 0)\E(C)
Ã(e) = Ã(v1v2) · 1
3
+
1
3
+
1
5
+
1
6
¡ 1 = 1
30
;
(i-3). for the con¯guration 4,X
e2E(f 0)\E(C)
Ã(e) = Ã(v1v2) · 1
3
+
1
3
+
1
5
+
1
5
¡ 1 = 1
15
:
(ii). For the con¯guration 3, let e = v0v00 2 E(f 0) \ E(C) be associated
with fv0; v00; f 0; f ¤g. By applying (7-c) and (7-d) whenever there is a possi-
bility that a degree 3 vertex or a pair of degree 3 vertices is involved, the
sequence of degrees fdH(v0); dH(v00); dH(f 0); dH(f ¤)g must be one of following
cases:
f3; 3; dH(f 0);¸ 5g; f3;¸ 4; dH(f 0);¸ 4g; f¸ 4;¸ 4; dH(f 0);¸ 4g:
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Hence,
Ã(e) ·
· maxf1
3
+
1
3
+
1
dH(f 0)
+
1
5
¡1; 1
3
+
1
4
+
1
dH(f 0)
+
1
4
¡1; 1
4
+
1
4
+
1
dH(f 0)
+
1
4
¡1g
=
1
3
+
1
3
+
1
dH(f 0)
+
1
5
¡ 1 = 1
dH(f 0)
¡ 2
15
:
So, X
e2E(f 0)\E(C)
Ã(e) · [dH(f 0)¡ 4] ¢ [ 1
dH(f 0)
¡ 2
15
]
· [6¡ 4] ¢ [1
6
¡ 2
15
] =
1
15
:
(since dH(f
0) = 6 or 7).
(13-2) The total value of Ã(e) for all e 2 E(f 0) nE(C) for con¯gurations
1-4.
We notice that the special face f 0 has exactly four edges in E(f 0) nE(C).
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Con¯guration 1
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(i). For the con¯guration 1, the degree of f 0 is 5. Let f 0 = v1v2u1u2u3v1
where u1; u3 =2 V (C). Here, dH(v1) = 3 and dH(v2) ¸ 4. Then the
degree sequence fdH(v1); dH(u3); dH(f 0); dH(f ¤)g associated with the edge
v1u3 must be f3;¸ 4; 5;¸ 5g by (2) and (7-c); and the degree sequence
fdH(x); dH(y); dH(f 0); dH(f¤)g associated with the edge xy 2 fv2u1; u1u2;
u2u3g must be f¸ 4;¸ 4; 5;¸ 4g by (2) and (3). Thus,
Ã(v1u3) · 1
3
+
1
4
+
1
5
+
1
5
¡ 1 = ¡ 1
60
;
and
Ã(v2u1); Ã(u2u1); Ã(u2u3) · 1
4
+
1
4
+
1
5
+
1
4
¡ 1 = ¡ 1
20
:
So, the total Ã value of those C¡edges isX
e2E(f 0)nE(C)
Ã(e) · ¡ 1
60
+ 3 ¢ (¡ 1
20
) = ¡1=6:
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Con¯guration 2
(ii). For the con¯gurations 2 and 4, the degree of f 0 is 5. Let f 0 =
v1v2u1u2u3v1 where u1; u3 =2 V (C). Then the degree sequence fdH(x); dH(y);
dH(f
0); dH(f ¤)g associated with the edge xy 2 fv2u1; v1u3g must be f3;¸
4; 5;¸ 5g by (2) and (7-c); and the degree sequence fdH(x); dH(y); dH(f 0);
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dH(f
¤)g associated with the edge xy 2 fu1u2; u2u3g must be f¸ 4;¸ 4; 5;¸
4g by (2) and (3). Thus,
Ã(v2u1); Ã(v1u3) · 1
3
+
1
4
+
1
5
+
1
5
¡ 1 = ¡ 1
60
;
and
Ã(u1u2); Ã(u2u3) · 1
4
+
1
4
+
1
5
+
1
4
¡ 1 = ¡ 1
20
:
So, the total Ã value of those C¡edges isX
e2E(f 0)nE(C)
Ã(e) · 2 ¢ (¡ 1
60
) + 2 ¢ (¡ 1
20
) = ¡ 2
15
:
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Con¯guration 3-1
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Con¯guration 3-2
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Con¯guration 3-5
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Con¯guration 3-3
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Con¯guration 3-4
(iii). For the con¯guration 3, the degree of f 0 is 6 or 7. Let e = v0v00 2
E(f 0) n E(C) be associated with fv0; v00; f 0; f ¤g. By applying (7-c) whenever
there is a possibility that a degree 3 vertex is involved, the sequence of degrees
fdH(v0); dH(v00); dH(f 0); dH(f ¤)g must be one of following cases:
f3;¸ 4; dH(f 0);¸ 5g; f¸ 4;¸ 4; dH(f 0);¸ 4g:
Hence,
Ã(e) ·
· maxf1
3
+
1
4
+
1
dH(f 0)
+
1
5
¡ 1; 1
4
+
1
4
+
1
dH(f 0)
+
1
4
¡ 1g
=
1
3
+
1
4
+
1
dH(f 0)
+
1
5
¡ 1 · 1
dH(f 0)
¡ 13
60
· 1
6
¡ 13
60
= ¡ 1
20
:
So, X
e2E(f 0)nE(C)
Ã(e) · 4[¡ 1
20
] = ¡1
5
:
(13-3). By the calculations in (13-1) and (13-2), we are ready for esti-
mating
P
e2E(f 0)
²(e)Ã(e) for some con¯gurations.
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Note that, by considering the worst case in the calculation, each C-edge
should be considered as a [++]-edge. That is, the coe±cient ² will be 1
2
for
the worst cases in the estimation.
(i). For con¯guration 1 (see (13-1)-(i-1) and (13-2)-(i)), we have thatX
e2E(f 0)
²(e)Ã(e) ·
X
e2E(f 0)\E(C)
²(e)Ã(e) +
X
e2E(f 0)nE(C)
²(e)Ã(e)
· ( 1
30
) + (
1
2
)(¡1
6
) = ¡ 1
20
:
(ii). For con¯guration 2 (see (13-1)-(i-2) and (13-2)-(ii)), we have thatX
e2E(f 0)
²(e)Ã(e) ·
X
e2E(f 0)\E(C)
²(e)Ã(e) +
X
e2E(f 0)nE(C)
²(e)Ã(e)
· ( 1
30
) + (
1
2
)(¡ 2
15
) = ¡ 1
30
:
(iii). For con¯guration 3,(see (13-1)-(ii) and (13-2)-(iii)), we have thatX
e2E(f 0)
²(e)Ã(e) ·
X
e2E(f 0)\E(C)
²(e)Ã(e) +
X
e2E(f 0)nE(C)
²(e)Ã(e)
· ( 1
15
) + (
1
2
)(¡1
5
) = ¡ 1
30
:
The value of
P
e2E(f 0)
²(e)Ã(e) for each con¯guration 1, 2 and 3 is negative.
However, the same estimation for the con¯guration 4 would give us a zero.
This is not what we would like to have. Of course, we notice that the estima-
tions in (13-1) and (13-2) are not very tight at all. Therefore, some further
attention is needed for the con¯guration 4.
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(13-4) For con¯guration 4, the degree of both faces f 0 (special) and f 00
(normal) is 5 and dH(v1) = dH(v2) = 3, where u1; u3 =2 V (C). Here, dH(v1) =
dH(v2) = 3.
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u1 u3
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f 0
f 00
z
Con¯guration 4
Let f 0 and fu3v1 be the faces on the two sides of edge u3v1. By (7-c),
dH(fu3v1) ¸ 5 since dH(v1) = 3.
Case 4-1. If dH(fu3v1) ¸ 6.
For the D¡edge e = v1v2,
Ã(v1v2) =
1
3
+
1
3
+
1
5
+
1
5
¡ 1 = 1
15
:
Note that dH(fu3v1) ¸ 6,
Ã(u3v1) · 1
3
+
1
4
+
1
5
+
1
6
¡ 1 = ¡ 1
20
:
By the earlier results (see (13-1) and (13-2)), we have that
Ã(u1u2); Ã(u2u3) · ¡ 1
20
and
Ã(v2u1) · ¡ 1
60
:
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So, for all the C¡edges, we have thatX
e2E(f 0)nE(C)
Ã(e) · ¡[ 1
60
+
1
20
+
1
20
+
1
20
] = ¡10
60
:
Hence, X
e2E(f 0)
²(e)Ã(e) · 1
2
(¡10
60
) +
1
15
< 0:
Case 4-2. If dH(fu3v1) = 5.
(a). We shall determine that the C-edge u3v1 must be a [+¡]-edge (thus,
the coe±cient ² would be 1 instead of 1
2
).
Assume that u3v1 is a [++]-edge, hence, fu3v1 is a C ¡ D¡face with
respect to some edges of E(fu3v1) \E(C).
First, we show that fu3v1 cannot be normal. Assume that the C ¡
D-face fu3v1 is normal. Thus, the normal 5-face fu3v1 , has the boundary
v1u3vm¡2vm¡1vmv1. By (7-a), there is a path P of G joining vm¡2 and v1 of
length at least 3, where E(P ) \ E(C) = ;. Then vm¡2Pv1vmzv3Cvm¡2 (see
the ¯gure of Con¯guration 4) would be longer than C, a contradiction. So,
the face fu3v1 must be special.
Since fu3v1 is special and dH(v1) = 3, vmv1 is the only edge in E(fu3v1) \
E(C). Furthermore, dH(vm) ¸ 4.
Now, with a calculation, we have that Ã(vmv1) < 0. Since vmv1 is the
only edge in E(fu3v1) \ E(C), the face fu3v1 cannot be a C ¡ D¡face and
therefore, it proves our claim that u3v1 is a [+¡]-edge.
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(b). Calculations: For the D¡edge v1v2,
Ã(v1v2) · 1
3
+
1
3
+
1
5
+
1
5
¡ 1 = 1
15
Now, take a half charge of all other C¡edges and total charge of the
[+¡]¡edge u3v1, we have thatX
e2E(f 0)
²(e)Ã(e) = Ã(v1v2) +
1
2
[Ã(v2u1) + Ã(u1u2)) + Ã(u2u3)] + Ã(u3v1)
=
1
15
¡ 1
2
[
1
60
+
1
20
+
1
20
]¡ 1
60
=
1
15
¡ 9
120
< 0:
'
&
$
%
tu
t
v2
t
v1
t
vm
tvm¡1t
v3
t
v4
tv5
tv6
t
z
H H H Hf 0
f 00
Con¯guration 5
(14). Con¯guration 5. fdH(f 0); dH(f 00)g = f5; 7g where f 0 is a normal
5-face and f 00 is a normal 7-face.
By (5-b), E(f 0) \ E(f 00) = e(= v1v2), without loss of generality, let
f 0 = v1v2uvm¡1vmv1 (where u =2 V (C)) and f 00 = zv1v2 ¢ ¢ ¢ v6z (where
z =2 V (C)).
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Note that the face f 0 (or, f 00 as well) is not a C ¡D¡face for any edge of
E(f 0)\E(C) with respect to any con¯gration 1-4 since the C ¡D¡faces for
con¯grations 1-4 must be special. Thus, if the charge-discharge orperation
occurs more than once in the face f 0 (or, similar for f 00), it must be for the
D¡edge vm¡1vm or (v5v6) in another con¯guration 5. There is no con°ict
in the culculation here since the charge-discharge operation occurs only at
incident C¡edges for the con¯guration 5. Let the edge v1z be associate with
fv1; z; f 00; fv1zg and the edge v2u be associate with fv2; u; f 0; fv2ug. By (7-c),
dH(fv1z) ¸ 5; dH(fv2u) ¸ 5 since dH(v1) = dH(v2) = 3.
So, we have following calculation:
Ã(v1v2) =
1
3
+
1
3
+
1
5
+
1
7
¡ 1 = 1
105
:
Ã(v2u) · 1
3
+
1
4
+
1
5
+
1
5
¡ 1 = ¡ 1
60
;
Ã(v1z) · 1
3
+
1
4
+
1
5
+
1
7
¡ 1 = ¡ 31
420
;
Ã(v1z) + Ã(v2u) · ¡ 38
420
:
Therefore, X
e2E(f 0)
²(e)Ã(e) · Ã(v1v2) + 1
2
Ã(v1z) +
1
2
Ã(v2u) < 0:
Final conclusion. After charging-discharging, we have seen that the total
charge of all the edges is negative. This contradicts to the fact
X
e2E(H)
Ã(e) = 0
(equation (4) of Section 4.2).
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4.5 Remarks
The proof of the main theorem actually shows that every longest circuit of a
4-connected graph embedded in a surface with a nonnegative characteristic
has a chord. However, it is already known that every 4-connected graph em-
bedded in a sphere or projective plane (Tutte [10] and [12]) is hamiltonian as
is every 5-connected toroidal graph ([13]). But it remains open (GrÄunbaum
[5] and Nash-Williams [7]) that whether 4-connected toroidal graph is hamil-
tonian.
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